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S U H M A R  Y 

by V. A. Khrenov 

The pion g e m r a t i o n  funct ion wi th  r e spec t  t o  atmospherio depth 

in broad air showers is found on the  b a s i s  of experimental  d a t a  on spatial 
d i s t r i b u t i o n  of muon fluxes in broad air showers and on t he  d i s t r i b u t i o n  
of pion t ransverse  momenta in nuclear i n t e r a c t i o n  evente. Considered here  
i s  t h e  s implest  case of f luc tua t ions  of t h e  s p a t i a l  d i s t r i b u t i o n  funot ion 
of muon fluxes in broad air showers (BAS). 

* * 
The c u r r e n t l y  ava i l ab le  experimental  d a t a  on the  m e a n  s p a t i a l  

d i s t r i b u t i o n  of muon f l u x e s  w i t h  energy E 3 5 hey and E 2 10 hev (icl], C31) 
in broad air showers (BAS) a t  sea l e v e l ,  and the experimental d a t a  on the  
d i s t r i b u t i o n  of t ransverse  pion pulses  i n  nuclear  i n t e r a c t i o n  events wi th  

energy l o l l +  lou ev [4] allow the hope t o  o b t a i n  information on t h e  
e f f e c t i v e  spectrum ( respons ib le  f o r  the mean s p a t i a l  d i s t r i b u t i o n  of muons) 
of generat ion in depth of charged pions in the composition of BBS. Knowing 
t h e  e f f e c t i v e  spectrum of pion generation, we may b r i n g  up the  quest ion 
of poss ib le  f l u c t u a t i o n s  of t h e  form of this spectrum, and by the  same 
token of poss ib le  f l u c t u a t i o n s  of func t ions  of spatial  d i s t r i b u t i o n  of 
muons in BAS. T h i s  l a s t  question is important in the s tudy of f l u c t u a t i o n s  

of t h e  t o t a l  muon f l u x  i n  BAS 

* 0 PROSTRANSTVENNOM RASPREDELENII POTOKOV MPUONOV SHIROKIKH A"MOSFERNYg3I 
LIVNPAKH. 
** Journal of Nuclear Physics. 

C5, 61. 



1.- ANALYSIS OF THE MEAN SPATIAL DISTRIBUTION 
OF THE MDON FLUX IN BAS 

I 
The experimental data on the mean s p a t i a l  d i s t r i b u t i o n  of muon 

fluxes with energies  5 and > l O  hev in BAS with a total .  number of 
6 p a r t i c l e s  19 = 10 , obtained in the works [l- 33 (sea l e v e l ;  the data of 

reference [2 ]  are reduced t o  the value N I lo6 according to the law 
I 

I 
fionBJ! *. We s h a l l  set up the following problem t 

~ 

l a )  when computing the spatial d i s t r i b u t i o n  of muons, we may neglec t  
the  Coulomb s c a t t e r i n g  of pions and muons (see C13); 

b) a l l  the  pions are generated i n  the  air-shower core;  
c) t he  energy of the pion E, 

Defining the spectrum of charged pion generat ion f (E E) dEdEf, 

giving at decay a muon with  energy I 
I E? , is always E = 1.4 Ep. 
~ 

l 
E being the height  above the  observation level in meters) m 2 the  spectrum 
of t ransverse  pulses  of the generated pions c p ( p ~ ) d l , ~ ,  an2 u t i l i z i n g  the equa- 

l i t y  PI = rp /I1 = r E /  cl l  ( r  being the distance from the  s h o ~ 8 r ' s  core, we 

o b t a i n  t h e  following expression f o r  the  flux dens i ty  of muons with energy 
E > E U  at t he  d is tance  r from t h e  axis of t he  shower: I 

I 

I Here L,  is t h e  path for pion i n t e r a c t i o n  (comgcted s t a t i n g  from the path 

for t h e  i n t e r a c t i o n  of 
on H, according t o  data of the  work [lo], L,, = Ec / m.& is t h e  path for 
the  decay of charged pions, kl,lr = /zc/ l,(f1721.rcz 

muons, E i  are the ion iza t ion  losses of the  picn and muon from the place 

of generat ion t o  t h e  observation l eve l .  
The expression (1) was u t i l i z e d  f o r  t he  search of a form of t he  func- 

A = 80g/cm2 for an a tmoqhere  dens i ty  dependence 
i 

is the  pa th  of the  decay of I 

t i o n  f ( E , H ) ,  
agree ing  we l l  w i t h  the  @ : - p e r d e n t a l  values of muon dens i ty  f luxes  

* Data from other works, p l o t t e d  i n  F i K ,  1 , a r e  discu6r ed below. 

tha t  would give a s p a t i a l  d i s t r i b u t i o n  func t ion  of muons, 

f ( r ,  Er) ,  



3. 

(Ep = 5 and 10 hev) ,  p l o t t e d  i n  Fig, 1. 

souTht f o r  i n  the  form 
The funct ion f (E,  R) w a s  

by proper  assortment of var ious values  of 

The d i s t r i b u t i o n  of the  t raneverse pulses  of i ons  PJI‘S ta:<en i n  t h e  form 

and of the func t ion  F(H). 

i n  agreement with re ference  C4l.* 

The funct ion F (H) wafi sought f o r  
i n  t h e  form of  cascade curve F ( x  (H) 1, 
x (HI being the  depth of the atnosphere.  I,o 

with various pos i t i ons  of the  maximum x, 

and var ious  values  of t he  path of expo- 
n e n t i a l  absorpt ion A behind the  maximum. 

As a r e s u l t  of t e s t s  of var ious curves C; ? 

F (x (H) 1 and values  of t h e  exponent 
of t h e  enerrey spectrum of pions,  i t  WEE 

found, t h a t  t 3 e  beat  apeenlent w i t h  the 

exyeriinental  d a t a  i F  given :.-T tLe vs lues  

y = 1,3 5 0,1 aild the funct ion F ( x  (IT) ) 

with h = 200-c 250 g/cm2 and 
FiE. 1 . - ,Spatial  d i s t r i b u t i o n  
of muon f luxes  i n  BAS (E = 106) 

L 

L 
a f t e r  t h e  da ta  of var ious authors:  

0 --E, = 0,s rSs [‘I, + - E ,  = 0,s rae [q 
A -Eu = 4.5 r3e PI. A -E , ,  = 5 r36 pj. 

x =250 g/cm . A familv of curves 

F ( X I  
t e s t s  dur ing  the computation, are p l o t t e d  O-& = 1 0 h e  PI, - E E , =  l o r a s  [I], 

* The experimental  d i s t r i b u t i o n  of t r ansve r se  pulses  ,bEou;!it ou t  i n  [4], 
may be a l s o  approxi:.zted by the func t ion  CP(PL) = p l r x p  (--pLIu) / G ,  where 
a = 0.15 hev/c. Lie conducted tl-e c a l c u l z t i c n  f o r  this czse a l s o .  It  was 
found, t h a t  f o r  t!ie t e s t ed  values of t h e  e-ponent  y =1 i 1.5 and var ious  
func t ions  F (HI, no s a t i s f a c t o r y  agreement can be obtpined between the  
corr.:uuted and the exper inenta l  d i s t r i b u t i o n  

p ( r ,  E,,,, ) is 
s e n s i t i v e  t o  t h e  ex is tence  of l a rge  tr2nsverEe pulses of pions (pA> I hev/c) 
t h a t  cannot be descr ibed by t h e  aparoxin l te  fornulas  ‘9(pL ) . I t  w a s  found 
t h a t  f o r  E,,, , eaua l  t o  5 and 10  hev, e t  d i s t ances  r g  250n and f o r  the  
Ease p r o b e b i l i t i e s  of p ~ > 1  hev/c apnearence, t h a t  roulcl correEpond t o  
t h e  experiment21 d i s t r i b u t i o n  by pL from Lhl,  the  s p a t i d .  d i s t r i b u t i o n  
of 

m 
with absorpt ion path A = 250 g/cm 

- ----_ i n  d i - . 2 .  rae IS] L f 3 C  mUa5 hcr] 

p ( r ,  Ep). 
It r a s  a l s o  t ack led ,  t o  what ex ten t  t he  d i s t r i b u t i o n  

y ( r ,  Ep ) i .c  not s ewi t ive  t o  t h e  ev i r t ence  of pL> 1 h e v / c .  
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I 

I 

Plo t t ed  i n  Fig. 3 are the  s p a t i a l  d i s t r i b u t i o n s  of muone p (r, E, ), 

correebondine t o  t h e  family of curves of Fig. 2 and 
f ( r ,  Ef 1, g iv ing  t h e  b e s t  agree-ent  with the  experiment (number 2, Fig. 3 ) .  

a r e  a l s o  p l o t t e d  i n  F i r .  1. It vtm asce r t a ined  fro-: +he c o q u t a t i o n ,  t h a t  
f o r  the  agreement with e q e r i m e n t a l  d a t a  i t  is important tfiat t h e  value 

t h a t  i n  t h e  upper h a l f  of t h e  atmosphere 

s 1.3. The curves 

= 1.3 mate r i a l i ze  i n  the lower h a l f  of the  atmosphere. 'tie may a d n i t  

3p 1. 

X i ? .  2. - Functions F (XI 
u t i l i z e d  i n  the c ~ l c u l a -  

tio;is 

Ti-.  1 : .  - Z n e r q  s 9 e c t r a  of mlon 
IClureF a t  ver ious  d i ~ t a n c e 6  from 
t3e air-shower core.  

-. . ~ i g .  3. - Sp t i a l  D i s t r ibu t ion  Func-ions 
of muon f luxes  with E,  = 5 hev and 
E, = 10 hev, corresponding t o  the  
funct ions F ( X I  
hand ord ina te  axis is p ( r  , %= 10 hev 
the  right-hand one f ( r ,  Ep = 5 hev) ,  m-2. 
The experimental d a t a  were borrowed from 

of kig.  2. - The l e f t -  

Cznl : 
a - c21; O - W ,  *,A - c11. 

The  generat ion spectrum of pions,  found from da ta  on t!:e s y a t i a l  
d i s t r i b u t i o n  of muone w i t h  ener:;!: of 5 and 10 hev, could be p r o f i t a b l y  

u t i l i z e d  t o  o ; t a i n  o t h e r  da ta  on the  muon component of BAS, and compare 
them w i t h  t he  exper:; uent . The computed s p a t i s l  d i s t r i b u t i o n  of mons w i t h  

Ep = 0.5 hev and E p = 40 hev is p lo t t ed  i n  i i g .  1 dlongsi.de with the  expe- 

r i m e n t a l  da t a  of c 7 - 9 3 .  I n  Fig,  4 we represented the  computed energy 



s p e c t r a  of  muons at var ious  d is tances  from the  core of the  shower along- 

s i d e  with t h e  experimental  d a t a  of c111. 
Le t  us now m a k e  sone remarks. The moRt r e l i ab ly  obtained course 

of t h e  s p a t i a l  d i s t r i h u t i o n  o f  muons is i n  t h e  work6 c7 - 81, but  t he  
absolute  value of dens i ty  of muon f luxes  may be s u b j e c t  t o  doubt on account 

of t h e  d i f f i c u l t i e s  i n  i d e n t i f y i n g  muons ir ,  ground de tec tors .  That is why 
t he  d a t a  from c7 - 83, broucht out i n  FiK. 1, 
l a t i o n  a t  the  poin t  r = 250 m. In re ference  C l l l  t he  more re l iable  in-  
forna t ion  concerns the  t h e  ener,yy epectrum of muons ( d i r e c t l y  measured i n  
t h e  experiment, r a t h e r  than t h e  date on the s p a t i a l  d i F t r i b u t i o n  of muon6 
which d i f f e r s  somewhe.t from t h a t  obtained in [1 - 3]).Therefore, t h e  compa- 

r i s o n  of t he  ce l cu la t ion  is made with t h e  energy ,e:)ectrwn of muons, w h i l e  

t h e  e rper imenta l  s p e c t r a  a t  t h e  d i s t ance  r are normalized t o  c a l c u l a t i o n s  
g t  t h e  po in t  E? = 2 hev. Taking the above inaccurac i e s  of t h e  experiment 
i n t o  account,  we  may deem t h e  agreement of c a l c u l a t i o n  w i t h  t h e  experiment 

sat  is fact o r y o  

a r e  normalized t o  the  calcu- 

It i s  i n t e r e s t i n ?  t o  conpare the nunber of pions obtained from 
t h e  ana lys i s  of data on t.ie nuon coniponent w i t h  t h e  eyperimentally observed 

nunber of  nuc lear lg-ac t ive  p a r t i c l e s  i n  showers w i t h  the same nunber N of 
p a r t i c l e s .  XormalizinT t h e  coqmted curves f o r  p(r, E 

d i s t r i b u t i o n s  of muon f l u x  dens i ty ,  w e  ma:? conpute tke f a c t o r  b, and by 
t h e  same token f ind  t h e  absolute  number of pions generated i n  BAS w i t h  a 
given number ?T of m r t i c l e E .  The nunber of p ions ,  observed i n  a shower 
ae nuclear ly-ac t ive  p a r t i c l e e ,  is l inked  w i t L  t h e  s p c t r u n  of nicn -enera .  
t i o n  as f o l l o r s  : 

and t h e  experimental  P 

The number of nuclearl>,--Gctive pions i n  the ener.?:y range 5 + 1 0 h e v ,  com- 

puted accordin.? t o  fornula  (21, w a ~  found t o  be 12- 25 percent  of t h e  

t o t a l  number of nuclear ly-act ive p a r t i c l e s  of  same energ ies  ( taken  from C6] ) , 

* 1. The RuFsian d e n - t a t i o m  should be read a~ follows : Nq a-a =nunber of 
nucle0-z.ctive p a r t i c l e s  i n  r e f . t o  J7 -mesons (p ions ) ;  L~ = L ~ ~ ~  J 
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wnich is i n  good agreement with t3e experiments on t h e  number of charged 

and n e u t r a l  nuclear ly-act ive p a r t i c l e s .  According t o  (21, tiie sha re  of 
pions i n  the  number of nuclear ly-act ive p a r t i c l e s  rises with the  increase  

of e n e r p ,  and at l&’- 10” ev it reaches the  values 3 0 . 5 .  

t o  f i n d  a form of generat ion funct ion of charged pions,  which would give 

8 Food apeement  wit?: the ava i l ab le  da ta  on the  s p a t i a l  d i s t r i b u t i o n  of 
muon8, on t he  t h e i r  ellern spectrum at v a r i o w  d i s t ances  from t he  core of 
the  e?,ower, or. the  number of nuclear ly-act ive pions i n  BAS and on the expe- 

r imenta l  d i c t r i b u t i o n  of t ransverse  pion pulses  i n  generat ion events.  

Therefore ,  t h e  computation j u s t  conducted shows t h e t  i t  is poss ib le  

la 

Fiq. 5. - The rnuon b i r t n  function i n  heiqht :  a - f o r  muon6 w i t h  

= 0.5 hev ( a t  r = 2 5  rn a dens i ty  O . l p ( 2 5 )  is p l o t t e d ;  b-  E v  
for muons w i t h  E = 10 hev ( e t  r = 250 m t!:e dens i ty  59 (250) 
d o t t e d ;  p ’  (H) 
from the  a x i s  of tlie fl?ot?..er, icenerated between H and H + dR. 

is 
is t h e  d e f i E i t y  of zuon6, observed a t  d is tances  r 

The b i r t h  of muon f l u x  a& a ftliii;tloil of h z i g k t  i,f plcttP6 in Ffz, 5 :  far 
E flux observed a t  a f::iven d is tance  from t h e  e x i s  of shower. For mons 
with energy E >/ E 
of tiie shower, over  which the main muon f l u x  is co l l ec t ed  from great heights .  
For E,,,” ~1.5 hev, the dis tance  rks  250m, f o r  E 

rb 40m and for  E -10 hev i t  c o n s t i t u t e s  rk”y 2 5 m .  As may be seen ,  

t h e  d i s tance8  r a r e  s i g n i f i c a n t l y  l e s s  than the mean r ad i i  of muon shoviers 
wi th  a given E T h i s  means, t h a t  t h e  dens i ty  of muon f luxes  m u s t  be 

i t  i E  possible  t o  f ind  the d is tance6  rkf rom the  axis P’ 

= 5  hev, i t  is equal  t o  rc 
r- 

k 

r*  
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proport ional  t o  
t h e  region r 4 
r >r,.* 

Another 

t he  t o t a l  number of muon6 i n  the  shower, not  only in 
, r ad ius  of the muon shower, but  i n  the  e n t i r e  region 

p e c u l i a r i t y  of the generat ion funct ion of muon6 resides 

i n  the  comparatively w e a k  absorption of the  i o n  component ( A = 200j250 
g/c&>, whicb is p re requ i s i t e  for  t h e  explanat ion of the observed experi-  
mental amount of low enercg muon8 at dis tance6 r > rk. 

2.- POSSIBLE FLUCTUATIONS OF TBE SPATIAL 

D I S T R I B U T I O N  FUNCTION O F  MUONS * 

lihen observing ind iv idua l  broad air showers, d e f l e c t i o n s  of t h e  

F p a t i a l  d i s t r i b u t i o n  funct ion of muons from average a re  poss ib le ;  they 
are l i n k e d  with tiie f luc tua t ion8  i n  t h e  development of a pion avalanche 

i n  t h e  atmosphere. Cer ta in  pred ic t ions  r e l a t i v e  t o  f l u c t u a t i o n s  of s p a t i a l  
d i s t r i b u t i o n  funct ion of muons can be made s t a r t i n g  from t h e  s imples t  
model of pion avalanche development, when the  form of the  pion generat ion 
funct ion does not  vary and when t h e  only th ing  t h a t  f l u c t u a t e s  is the 

depth of avalanche onset.  * *  
The family of pion generation func t ions ,  p l o t t e d  i n  Fig. 2,  o f f e r s  

i n  this connection an exanple of pion avalanches formed a t  var ious atmo- 

sphere  deyths .  T o  each of the function r' ( x )  of t k i &  family one may com- 
pare  a depth xo of avalanche onset . :,e s k ~ l l  e,ctimpte, t h a t  xo correeponds 
t o  t h e  depth of t h e  first event of nuclear  i n t e r a c t i o n  of t he  primary par- 
t i c l e .  Then tke  p robab i l i t y  of ma te r i a l i z ing  t h e  given pion generat ion 

funct ion Fx 
tr ihc t - inn  of muons) is easv t o  connect w i t h  t h e  i n t e r a c t i o n  pa th  

primmy p e i t i c l e  w i t h  ij fixed ener-p Xo: 

(x) (and by the  same token of the  corresponding s p a t i a l  d i s -  

of t h e  
0 

Knowing the p robab i l i t y  ( 3 ;  and t h e  dependence of muon dens i ty  

p(r, E r )  on q, we nay pass t o  the  p robab i l i t y  of muon dens i ty  appearance 

i n  t h e  shower with tiie given primary energy Eo. The computation of the  

* 
I n  t h e  experiments of c3,12J f o r  measurement of muon f l u x  f l u c t u a t i o n s  

measurements mere conducted a t  d i s t ances  r 713, which n u l l i f i e s  the 

Nikol 'skiy remark made i n  the review C61. * *  see  note  next p a p ,  
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The ca l cu la t ion  of t h i s  last p robab i l i t y  was conducted by u8 f o r  the  
family of curves 
of  the i n t e g r a l  

f( r, E p = l O h e v )  of t h e  type shown i n  Fig. 3. The value 

$;.(4 0 

was taken as the  first measure of primary energy. The r e s u l t  of t he  calcu- 
l a t i o n  is ehonm in Fig. 6a. 

Fig.6.-  
a t  given d is tance  from shower axis, only l inked with 
t h e  f l u c t u a t i o n s  of the  s p a t i a l  d i s t r i b u t i o n  function: 
a -for showers with given primary energy; 
showers with given number of p a r t i c l e s , -  The development 
of t h e  showers is according t o  model adopted i n  ref. c51. 

Fluc tua t ions  of the  dens i ty  of muon f lux  

6- f o r  

I n  experiments f o r  measuring the  f l u c t u a t i o n s  of  muon f'luxee on 
BAS. t h e  t o t a l  number N of p a r t i c l e s  is  usua l ly  fixed. Generally speaking, 
t h i s  requirement may l e a d  t o  r e d i s t r i b u t i o n  of t h e  depths  zoof pion 

avalanches' onse t ,  For example, i n  case of "hard" link between a l l  t h e  
components of the  shower, considered in re ference  E!jl ,  t h e  assortment 
Of showers wikh a giixz nuzber 8 of p a r t i c l e s ,  lead6 t o  the  fallowing 
d i s t r i b u t i o n  by x o :  

where A is the  p a t h  f o r  p a r t i c l e  absorption in the shower. In case of 
t o t a l  independence i n  t h e  development of t he  electron-photon coniponent 
and of t h e  muon component f o r  a f ixed  t o t a l  number N of p a r t i c l e s ,  t h e  

d i s t r i b u t i o n  (3 )  is preserved. 

** (from page 71.' When considering the  development of a pion avalanche, 
such a model was b e t t e r  j u s t i f i e d  t h a n  when consider ing t h e  development of 
the electron-photon component of BAS, when a g r e a t  r o l e  may be played by 
f luc tua t ions  i n  energy transfer of the  l a t t e r  i n  s epa ra t e  nuclear  i n t e r a c t i o x  
even t s ,  



I n  Fig. 6 6  we p l o t t e d  the  computed d i s t r i b u t i o n  of t he  muon den- 
s i t y  f r a t i o  i n  an ind iv idua l  shower t o  the  mean dens i ty  7 at t h e  given 
d is tance  frm t h e  axiE of t h e  shower ( A = 80 g/cm2, y = 1.5, h = 200 g/c&) 

according t o  (4). 
f luc tua t ions  of t h e  s p a t i a l  d i s t r i b u t i o n  funct ion of muons, t h e  showers 
with the  e v e n  number of p a r t i c l e s  were normalized i n  thgsame  fashion a8 
w a s  done i n  Fig. 6 a, t h a t  is by the value of t he  i n t e g r a l  

In orde r  t o  separa te  t h e  f l u c t u a t i o n s ,  l i nked  with t h e  

r;F(& 
0 

As may be seen ,  in case of  tthardtt connection between the  development of  
the  muon and t h e  electron-photon components of t he  shower, t he  f luc tua-  
t i o n s  of t h e  s p a t i a l  d i s t r i b u t i o n  of muons are more s u b s t a n t i a l .  It is 
i n t e r e s t i n g  t o  note ,  t h a t  the d i r e c t i o n  of the  f l u c t u a t i o n s  of spatial 
d i s t r i b u t i o n  and of t he  t o t a l  number of muons is in t h i s  case such, t h a t  

at  small d i s t ances  from shower axis , (r < 25m), the f l u c t u a t i o n s  of muon 
dens i ty  f / p '  by comparison w i t h  the  f l u c t u a t i o n s  of t h e  t o t a l  number of 
muom decreaee, while at g r e a t  distances, ( r > 100m), they increase .  

A t  p resent  t he re  are no s u f f i c i e n t  experimental  foundations f o r  
t he  s e l e c t i o n  of a s p e c i f i c  va r i an t  of connection between the  e lec t ron-  

photon and the  muon components of a Shower. One may only a s s e r t , o n  the  
basis of t h e  observed width of f luc tua t ion6  of muon flux dens i ty  a t  a 
given d i s t ance  from t h e  a x i s  of t h e  shower (see 

with t h e  d i e t r i b u t i o n  of F i T . 6 , t h a t  i n  t he  observed f l u c t u a t i o n s  t h e  

main p a r t  is played by the  fluctuations of  t he  t o t a l  number of muons in a 
shower. 

and of comparison 

I 

In conclueion, %ne aLit'ier zxprec~see his deep g r a t i t u d e  t o  Prof. 
S. N. Vernov and G. V. Khris t iansen  f o r  d i scuss ing  t h e  r e s u l t s .  

The author  is also g r a t e f u l  t o  V. L. Solomin, who completed a 

a series of ca l cu la t ions .  
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